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Introduction

Special Relativity arose from the study of the symmetry properties of the Maxwell
equations: Lorentz [1], Poincare [2], Einstein [3], Minkowski [4]. Analysis of the Max-
well equations with respect to Lorentz transformations was the first object of relativity
theory [5]. After discovering the relativistic equation for a particle with spin 1/2 by
Dirac [6], much work was done to study spinors and vectors within the Lorentz group:
Moglich [7], Ivanenko — Landau [8], Neumann [9], Van der Waerden [10], Juvet [11]. It
was shown that any quantity which transforms linearly under Lorentz transformations
is a spinor of some rank, so the spinors may be considered as fundamental quantities for
the field theory. The spinor formulation of Maxwell equations was studied by Laporte
and Uhlenbeck [12], see also Rumer [13]. In 1931, Majorana [14] and Oppenheimer
[15] have proposed a new matrix equation for the Maxwell theory which is similar to
the Dirac equation. Before Majorana and Oppenheimer, the important study was done
by Silberstein [16]; he showed the possibility of formulating the Maxwell equations in
the terms of complex 3-vector entities as well. Silberstein in his second paper [17] wrote
that the complex form of the Maxwell equations had been known before; he refers to the
second volume of the lecture notes on the differential equations of mathematical physics
by Riemann which were edited and published by H. Weber in 1901 [18]. This fact was
noted by Bialynicki-Birula [19].
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The analogy between the effects of curved space-time geometry and the matter
equations in electrodynamics has attracted attention in recent years [20-29].

In the present paper, first we formulate the Majorana — Oppenheimer approach in
electrodynamics in the vacuum case and Cartesian coordinates. Then we extend this
approach to arbitrary nonhomogeneous anisotropic media. At this we need to introduce two
complex 3-vector variables. In this way, the matrix complex form of the electrodynamics in
arbitrary media arises. After that we generalize this approach to Riemannian space-time,
for the vacuum case and in presence of any media. We specify in detail the structure of the
Maxwell equations in any anisotropic and nonhomogeneous media, on the background of
Riemannian space-time. We specify in detail one simple example for a medium which is
nonhomogeneous along the axis z. Also we discuss a special class of media that may be
simulated by Riemannian geometry.

Majorana — Oppenheimer formalism in electrodynamics

Let us start with the Maxwell equations in media:

B E
divcB =0, rot E:—aL, div Ezi, rot CB:,u,uocJ+6,ua—. €]
Oct €€, Oct
First we detail the vacuum case
B E
divcB=0, rotE:—aL,divEIE, rot cB:uocJ+a—. 2)
Oct & Oct

With notations j* =(p,J /c), ¢’ =1/¢u,, the last equations may be presented shorter:
ocB P oE

divcB=0, rot E=———, div E="-, rotcB=i+ . 3)
ct & g Oct
In explicit component form they read:
0,cB' +0,cB*> +0,cB> =0, 0,E’—0,E*+0,cB' =0,
O,E'—0,E’ +0,cB* =0, 0,E*—0,E'+0,cB’ =0, @

OE'+0,E*+0,E> = j°¢,, 0,cB’—0,cB>—0,E'=j'/¢,,
0,cB'—0,cB* —0,E* = j* | ¢,, 0,cB>—0,cB'—0,E’ = j’ /¢,

Let us introduce the complex variable y/‘=Ek+ich, k=1,2,3, then the 8 real equations (4)
may be combined into 4 complex ones:

o' +0,¥° +0,¥° = j° /¢, —iO ' + (O -0y ) =i j' /¢,

5
—idy’ +(Ow' =0y’ ) =ij /6,0y’ +Oy’ -0 ) =ij /¢, ©)
These equations may be presented in the matrix form:

0 j°
1 . .l

(ioy+alo yw =g, w="| s=LI"7| (6)
’ v & liJ
v’ ij
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where 4-dimensional matrices are specified by the formulas:

010 0 0 010 00 0 1
a1:—100 0 azzo 0 0 1 a3200—10
00 0 -1 -1 0 0 0 01 0 o
001 0 0 -1 00 -1 0 00

these matrices possess simple algebraic properties:

(01)2:_[, (al)ZZ_I’ (al)ZZ_I’ a1a2:_a2a1:a3’
a2a3:_a3a2:al a3a1:_a1a3:a2
N .

(7

Matrix form of the Maxwell theory in arbitrary media

According to Minkowski approach [4], in presence of any medium, we should use two
electromagnetic tensors, F and H* and two subsystems (without sources and with
sources):

F*, divB=0, 9,cB+rot E=0,

b g T . (8)
H®, divD=p, —-0,D+rot H/c=j;

they transform independently by as antisymmetric tensors under the Lorentz group. To
these tensors F** and H, there correspond different complex vectors:

f(x)=E(x)+icB(x), h(x)= 1 (D(x) +im). 9)
& c
By this reason, in the Majorana — Oppenheimer approach we should use two sets of the
matrices o and , and two field functions. It should be mentioned that the vectors f{x) and
h(x) transform as 3-vectors under the complex rotation group SO(3.C), the last is
isomorphic to the real Lorentz group SO(1.3).
For homogeneous isotropic medium, the constitutive relations have the form

D=¢eE, H=

B. For inhomogeneous and anisotropic media, the constitutive
)

relations become more complicated (for simplicity we assume that the matrices
€;(x), p;(x) are digonal):
1 7.(Xx
D, = ¢, (x\)E,, H, = B, = i (%)
‘ ﬂoﬂg,-(x) ‘ Hy

B, (10)

where 3-dimensional matrices ¢;(x),7,(x) are tensors of dielectric and magnetic
permittivities. Instead of the component form, we will apply the matrix notations:

D(x)=¢,(x)E(x), H(x)= @B(x); (11)

0

recall that x=(xp=ct,x,y,z). The matrices €(x) and fi(x) are defined as follows:
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gx) 0 0 r(x) 0 0
EX)=| 0 & 0], a'(x)=| 0 7,(x) 0 [=7x). (12)
0 0 &K 0 0 7,(x)

Below we will take into account the constitutive relations:
f(x)=E(x)+icB(x), h(x)=¢(x) E(x)+i7(x) cB(x). (13)

The Maxwell equations in such media may be presented in the complex form as
follows:

aiv Zricey=Lp, —io,B+icBy+ror (E+i B =1 ;. (14
€ ) % ) o
It is convenient to apply the complex quantities:
VLA S L (15)

they transform as different representations under the group SO(3.C): M'=OM, N'=0*N.
For Euclidean rotations we have O*=Q; for Lorentzian rotations we have 0*=0".

In the defining formulas (15), let us take into account the constitutive relations (13), so
we get:

m=" : S _ %(1 +E()E(x)+ %(1 + 2(x))eB(x); (16)
N= % = _%(1 —E(0)E(x) +é(1 —7(x))cB(x). a7

In M, N-notations, Maxwell equations (14) may be presented shorter:

div M+div N=-- | —i0,M +rot M —id,N —rot N=--j; (18)

€ €

in the matrix notations they take the form:

. . 0 0 1
(=0, +&'d )M +(=id,+ fO)N=J, M=| |, N=| |, J==".  @9)
M N & |
Matrices £’ are specified by the formulas:
01 00 00 1 0 0 0 1
ﬂl_—l 0 00 . 00 0 -1 5 - 0 1o 20)
00 0 1 -1 0 0 o 0 -1 0 o
0 -1 0 010 0 -1 0 0 0

algebraic properties of all 6 matrices are:
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(a])2 = _1’ (aZ)Z = _17 (QS)Z = _Is

ad'a’ =-a’ad' =+a’, d’a’ =-ad’a’=+a', od’a' =-a'a’ =+a’,
() =-1(B) =-1(8) =1,

BB =B =—f, B =SB =P, B =SF=p;

1)

these two matrix sets commute with each other, a*g'=f'o".
In the nonuniform and anisotropic media, the quantities M and /V are specified as:

' (+6)E| |(1+7,)cB,
M= %(1 +E(x)) E(x) +é(1 +7(x)) B(x) = —|(1+ 6)E, |+ =|(1+7,)cB,|,
(1+¢)E,; (1+17;)cB,

1 . (1-6)E| |(1-1,)cB, @)
N :—5(1—5()5))E(x)+é(1—z°(x)) eB(x) =~ |(1-6)E, +é (1-7,)cB,|.
(1-6)E, (1-73)cB,
In explicit form, equation (19) reads:
0,(M,+N,)+8,(M, + N,)+0,(M,+N,)= p/ ¢,
—i0,(M, +N,)—8,(M, —N,)+8,(M,—N,) =ij / ,, )

0;(M,+N,)—i0y(M,+ N,)=0,(M;—N;)=ij,/ ¢,
—0,(M,—=N,)+0,(M,—N,)—i0, (M, +N,)=ij,/¢,.

Taking into account expressions for components of the vectors:

M, +N, =%(1+q)E] +%(1+rl)cB] —%(1—6,)E] +é(1—r])cBl =¢E +icB,,

M, N, =%(1+q)E, +%(1+r1)c3, +%(1—q)E1 —é(l—rl)cB] = E, +ircB,

M, +N, =¢FE, +icB,, M,+N,=¢E,+icB,,
Mz_N2: E2+7.2€@ A4§ ]\13: ‘E;T izc

we can rewrite equations (23) as follows:

[0,6E, +0,6E, +0,6E,]+i[0,cB, +0,cB, +0,cB,]1= p/¢,,
[0,cB, +i0,T,cB, —i0,7,cB,1=ij, / ¢,, (24)
[0,cB, +i0,t,cB, —i0,t,cB,1=1ij, /¢,
[0,cB, +i0,7,cB, —i0,r,cB]=1ij, /¢, .
Let us write down equations conjugated to (24):
[0,6E, +0,6E, +0,6,E;]1—i[0,cB, +0,cB, + 0,cB;]1= p/ ¢,
[0,cB, —i0,7;,cB; +i0;7,cB, | = —ij, / ¢,
[0,cB, —i0;t,cB, +i0,r,cB, 1= —ij, / ¢,
[0,cB, —i0,7,cB, +i0,7,cB]1=—ij, / ¢,.

(25)
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Summing corresponding equations from (24) and (25), we obtain:
0,6E, +0,6F, +0,6E, = i,0, [0,E, —0,E,]+0,cB, =0,
& (26)
[0,E, —0,E,]+0y,cB, =0, [0,E,—0,E ]+0,cB, =0;

similarly after subtracting corresponding equations we get:

0,B,+0,B,+0,B,=0, —0,6E, +[0,7,¢B,—0,7,cB,]= lj] R
1 "’ 1 @7)
—0,6E, +[0,1,¢B, —0,7;,¢B,] = E—jz, -0,6E, +[0,r,¢B, —0,r,cB,]=— J,.

0 20

As expected, there arise two groups of equations for real variables:
0,B,+0,B,+0,B,=0, 0,E,—0,E,+0,cB =0,

28
0,E,—0,E;+0,cB, =0, 0,E,—-0,E +0,cB; =0; (28)
and
0,6E +0,6E, +0,6E, = lps — 06 E, +[0,7,¢B, — 07,¢B, ] = l]1 )
& & (29)
1 . 1.
—0y&E, +[0;7,cB, — 0,7,¢B; ] = E_Jz’ —0,6E; +[0,7,¢B, —0,7,¢B|] = 5_]3;
0 0
equations with sources may be presented differently:
1
[60,E, +6,0,E, +60,E;]+[(0,6)E, +(0,6)E, +(0;6)E,]= :P,
0
[-€0,E, +c1,0,B; —1,0,¢B, ] +[—(0,¢ ) E, +(0,7;)cB; —(0,7,)cB, ] = jl,
€ (30)
[-€,0,E, +1,0,¢B, —1,0,cB,1+[—(0,¢,) E, +(0,1,)cB, — (0,7;)cB, ] = 6—]2
0

[-(8o&;) E; +(0,7,)cB, —(0,7,)cB, ]+ [~ (0, ;) + 7,0,cB, —7,0,¢B ] = —
0
Below, for brevity we will simplify the notation, cB—B.

Simple examples

Let us restrict ourselves to the isotropic nonuniform media:
() =@ =) =€c(x), 7,(x)=7,(x)=75,(x)=17(x), €2y

then equations with sources become simpler:

0,E, +0,E, +0,E, +( E, + (—)E (_)E _llp,
€ €
[-£8,E, +0,B, aB]+[—fa— ﬂB _ﬂg]_lljp
T € 6T
) 11 (32)
€ 4 € T T
[~S0E, +0,8,~0,B]+[- S E, + ST B - T B )=~
T T € T T &7

[——(aE)+aB ~0,B]+ [—EEE orp Gtp 1l
€ T T €T
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With the use of notations:

1 0e 1 Oe 1 Oe 10t
- = =e =e =p

Oe _, 10e 10e 10z 1or _, 10t _, 10e
edy, edx, edx, rody | rox

€
=b, ——=b, —=¢,,—=A,(33
Yooy, O eox, “ T 33)
equations (32) may be written sorter:
11
(0, +e(X)E, +(0, +&,(X)E, + (0, +e;(X)) E; = ——p,

€ €

—A(x)(0, + ey (x))E, +(0, +b,(x))B, — (0, + by(x))B, = 11 Jis
€

0

(34)
11,
—A(x)(0, +€)(x)E, + (05 +by(x))B, — (0, + b (x)) B, = E_;Jza
0
11,
—A(x)(0, +e,(x)E, +(0,+b,(x)B,— (0, +b,(x))B, = 6——]3;
0
below we add equations without sources:
c0,B,+0,E,—0,E, =0, +c0,B,—-0,E,+0,E =0, 35)

0,B,+06,E, —0,E =0, 0,B,+0,B,+0,B,=0.

In equations (34), the quantities A(x),7(x),e,(x),e,(x), b,(x), may be associated
with some effective potentials, which are determined by the tensors of electric and
magnetic permittivities. In order to simplify the problem, let us impose one additional
constraint 4(x)=1; this leads to 7(x) = ¢(x), b,(x) =¢,(x). For such media, the structure of

equations with sources becomes much more simple:

11
(0,+e)E +(0,+e)E, +(0,+¢)E, = :;p’
0
11,
—(0,+e,)E, +(0,+e,)B,—(0,+¢,)B, = 6—;]1,
101 (36)
—(0,+e,)E, +(0,+e,)B,—(0,+¢)B, = 6—;]'2,
0
11,
—(0,+e,)E; +(0,+¢)B,—(0,+e,)B, = 6—;]3.
0

It should be noted that the media of the type z(x)=e(x), b/(x)=e/(x) related to eqs.
(36) may be simulated by the Riemannian geometry [30, 31].

Now, let us consider another example: the non-uniform media anisotropic along the
axis x;=z, and without sources. So we impose the following constraints:

6x)=lLe(x)=1,6(x)=¢€(2), 7,(x)=1,7,(x)=1,7,(x) =7(2), (37

then equations with sources become simpler:

0,E+ 0,E,+ 0,E;+ %63’(2)E3 =0, —580E1+ 0,B,— 0,B, — Lr; (2)B, =0,
T

&(z L (x

(3%)

€ 0,E,+0,B,—~0,B,+-7\B =0, ~£0,E,+0,B,~0,B, = 0.
T 7, T
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In order to simplify the problem, let us impose one additional constraint ¢, =z, =U(z);

for such a media, the structure of the Maxwell equations becomes much more simple:
0,E +0,E, +0,E, +%E3 =0, 0,B,+0,B,+0,B,=0,
-0,E, +0,B,-0,B, —%Bz =0,-0,E,+0,B -0,B, +%B] =0,-0,E,+0,B,-0,B,=0, (39)
0,B+0,E,-0,E, =0, 0,B,-0,E,+0,E =0,0,B,+0,E,-0,E =0;

recall that we have made the change in notations, ¢B; — B;, c0yp = 0. It should be noted that
the media with equations (39) may be simulated by the Riemannian geometry [30, 31].

Maxwell equations in Riemannian space-time
Maxwell equation in Minkowski space for the vacuum case:

0
E+icB

1

Yo,
i

(@0, +a’0 )Y =J,a" =il ,¥ = == (40)

>

€

may be extended to an arbitrary Riemannian space ds’ = gaﬂ(x)dxadxﬂ . The new form of the
main equation is based on the use of tetrad formalism, and the generalized form reads as
follows:

a’(x)[0, + A,(x)]¥(x) = J(x),

b e N (41)
a’(x) = a‘el, (x), AP(X)—EJ €Y penp>
where ¢ )(x) stands for a tetrad; 4,(x) is the so called connection; I, stands for the
covariant derivative; j*° designate generators of the 3-vector representation of the complex
group SO(3.C), their explicit form is given in [31].

This new equation (41) takes into account the influence of the external gravitational
fields on Maxwell electrodynamics. Besides, it gives tools to study the Maxwell equations
with the use of any curvilinear coordinates parameterizing the space-time, in Minkowsky
space as well. Equation (41) may be presented with the use of the Ricci rotation coefficients:

. 1, .
a (e(pz') (x)ap +E] b}/ah( (x)) lIJ(x) = J(x)9 }/buc = _e(b)ﬁ;ae(ﬁa)e(c) . (42)

This new equations (41), (42) are symmetric under the local Lorenz group; this property
correlates with the 6-parametric freedom in choosing the tetrad e”)(x) at the fixed metrical
tensor gup(x).

Maxwell equations in Riemannian space in presence of media

Now we turn to the matrix form of the Maxwell equations in media, and extend it for an
arbitrary Riemannian space-time. We start with the equation in Minkovski space

(—i0, +a'0,) M (x)+(—id, + 8'0,) N(x) = J(x); (43)
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its generalized form, consistent with requirements of General Relativity, is
a’(x)(0, + A, (x)) M(x)+ B°(x)(0, +B,(x)) N(x) = J(x), (44)
two connections 4(x) and B,=A4*(x) correspond to different fields variables, M(x) and N(x).

The constitutive relations in Riemannian space-time

Let us turn again to the Maxwell equations in Riemannian space-time
a’(©,+A,)M+pB"(©0,+B,)N=J, (45)

and take into account the above definitions:

E+icB=f, (D+iH/c)=h,

€
M=M——(—+E)+ (CB+—) (46)
2 A €,C
hf VD i H
N 2 2( 0 Ey+y(cB €0C)

In more detailed form, the main equation (45) reads:

1,
1(5(0) p+ J* 7abo)M+a (e(k) p+5] b7abk)M_

1 1
l(e(())a +— ] 7abo)N+IB (e(k)a +— ] 7abk)N J(x). 47)

Below we will use the followmg notations (expressmns for the spin matrices s’ are given in
the [31]):

€(¥)3, =0, €y (¥)0, =0,

| . . .

E] b7abc :Sl(7z3c +17/014:)+S2(7/3l(‘ +1702c)+s3(712c +iY03e) 5

| (48)
5] ab7/abc :Sl(yzsc_i701c)+s2(7/31c_i702c)+53(712(:_i703c)>

(ForesYores Vose) =Ve(X)s (Fazes Vs1asV12e) = Po(x), ¢=0,1,2,3,

the quantities v.(x) and p.(x) represent 24 Ricci rotation coefficients.Further, allowing for
the constitutive relations, from (47) we get:

+(0) +8p,— svk)

1
a*o, +sv, +afsp )=
(@0 +sm+asp)y) 2|1+ 08"

é)E

1 0 1{ O 1lp

+(ﬂka(k)—Sv0+ﬂkspk)5‘(_1+é E""(a(o)"_spo"'ﬂksvk)z‘(l_ ,\)B :f_ 0 , (49)
0
k 1 0
(x 6 y v ta spk) (1 —(0 o tsp,—« svk) (1+ )E

+(/3k6 —sv, + s, ) — (0, +5 +ﬂsv) 1 0 . (50)

PR © 7 %Po ¢ (1+ NE| e |if
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If we restrict ourselves to static metrics of the following diagonal structure (they not
depend on the time variable):

1 0 0 0 1 0 0 0
0 g, 0 0 0 e(ll)(x) 0 0
8p(x)= s e ()= , (51)
’ 0 0 g,x 0 @ 0 0 ey 0
0 0 0 g5 (%) 0 0 0 eé) (x)
we get more simple equations:
(€(,0, + Py — P3)B, + (€30, + ps — p)B, +(e,0; + p, — p,) B, =0,
_(6(33)63 —-p)E, + (8(22)62 + p3)E3 - (p3 + pz)El + aoB,l =0,
(54)
_(e(ll)al -p)E+ (9(33)63 +p)E —(ps+ p)E, +0,B, =0,
_(e(zz)az — P )E| + (e(ll)al + P, )Ez - (pl + P )E3 + 6033 = Oa
(e(ll)al +p,—P)gE + (e(zz)az +ps—p)EE, + (6(33)63 +p - p)eE = fﬁa
0
_(6(33)63 —p)0,B, + (6(22)52 + )08, —(py + p,)1, B +0,E, = ?a
! (55)
_(e(ll)al - p)TBs + (6(33)63 +p)0 B —(ps+ p)r,B, +0,E, = i_z,
0
(0~ PTB, + (€0, + P)EB = (py+ py)EB, + 0,y =2
0

These equations are valid for any anisotropic nonuniform media, when using any
curvilinear coordinates. W should remember that explicit form of the above equations
depends on the choice of tetrad, and besides it depends on the used coordinates. In
particular, relationships between the field functions specified for different tetrads are
determined by the local gauge transformations; for more details see in [30, 31].

Conclusion

We have focused on application of the known Majorana — Oppenheimer formalism for
Maxwell electrodynamics in nonuniform anisotropic media, this formalism is extended to
space-time with non-Euclidian geometry. This aproach is effective when using the
curvilinear coordinates in Minkowsky space as well.

In particular, we detail the case of special isotropic and nonuniform medium for which
the tensor of electric and magnetic permittivity are proportional to each other; the situation is
of special interest because the relevant constitutive relations may be simulated by
Riemannian geometry [5, 30, 31]. We consider one simple example of such media, when it is
nonuniform along the axis z. It may be noted that there are known many exact solutions of the
Maxwell equations on the background of different space-time models, and each of these
solutions may be considered as exact solutions in flat space but in some special media.
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Kyzomuu A. M., Bypwui A. B., Os¢cuiok E. M. MATPUUYHASA CTPYKTYPA
YPABHEHHUII MAKCBE/UIA B HEOJHOPOJHBIX AHH3O0TPOIIHBIX
CPEJAX U TEOMETPUS ITPOCTPAHCTBA

Hcenedosano npumenerue MampuiHo20 KOMIAEKCHO20 gopmanusma Maviopansl — Onnen-
2etimepa 6 anexmpoounamuxe Maxceenna. CHauana 3mom nooxo0 0emanu3uposan OJisi 6aKyymd,
odanee yyumvi6aemcs Haauyue HeOOHOPOOHLIX U AHUZOMPONHLIX cped. Bvinoaneno obodOwenue
KOBAPUAHMHO20 (POPMATUMA HA PUMAHOBY 2e0MempPUio NPOCMPAHCMEA—6PEMEHU MAKUM 00pa-
30M, 4mMobbL yuecms NPUCYMCMaue MamepuaibHolx cped. Paccmompennl 06a npocmulx npumepa:
HEeOOHOPOOHAs: AHUZOMPONHASL Cpedd CReYUalbHO20 MUNA U cpedd, HeOOHOPOOHAs 8001b OCU Z.
Dmu cpedvl MOKHCHO MOOENUPOBAMb C NOMOUBIO PUMAHOBOU 2EOMEMPU.

Kuarouessble ci10Ba: ypasHeHus Makcsesuia, hpopmanuzm Maitopansl — OnmieHreiiMepa, aHu-
30TPOITHBIC CPE/Ibl, MATEPUATIbHBIC YPABHCHHUS, PUMAHOBA T€OMETPHS, MOJCIUPOBAHUE CPEI.
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